A recent determination of the mass of the b quark, based exclusively on quantum chromodynamics (by avoiding strictly to introduce any phenomenological interaction potential of nonperturbative origin), may be improved by allowing for a merely numerical solution of the corresponding eigenvalue problem.
Recently, Pineda and Ynduráin [1] presented a re-analysis of heavy quarkonia. Their investigation is based on the main assumption that bound systems of heavy quarks may be reasonably described by nonrelativistic kinematics and only the perturbative contribution to the quark-antiquark interaction potential V if all nonperturbative effects are taken into account by some appropriate correction to the energy. In order to describe a system of a heavy quark and antiquark, both with constituent mass m, forming a bound state with total spin s = 0 or s = 1, Pineda and Ynduráin consider the Hamiltonian
4 m r 2 (C F − 2 C A ) + 4 π C F α(µ) 3 m 2 s (s + 1) δ (3) (x) , r ≡ |x| .
The perturbative contribution to the static quark-antiquark interaction potential, V P 0 (r), is known up to and including the two-loop level [2] :
Here, the following notations have been adopted: α(µ) denotes the strong fine-structure constant in the modified minimal-subtraction (MS) renormalization scheme. For a non-Abelian gauge theory for n f Dirac fermions, invariant w. r. t. gauge transformations forming a Lie group SU(N ) describing N colour degrees of freedom, the quadratic Casimir invariants read, for the fundamental representation,
2 N and, for the adjoint representation,
if the generators of the Lie group SU(N ) are normalized such that the second-order Dynkin index of the fundamental representation is
The dependence of the effective (running) fine-structure constant α(µ) on the renormalization scale µ is described in terms of the Gell-Mann-Low β function according to
involving the well-known expressions for the (gauge-invariant) one-, two-, and three-loop expansion coefficients in the MS scheme [3] 
The resulting dependence of the fine-structure constant α(µ) on the chosen renormalization scale µ, expressed in terms of the (standard) scale parameter Λ, reads up to and including the three-loop level
γ E is known as Euler-Mascheroni constant. In the case of quantum chromodynamics, clearly, N = 3. Now, in order to stick to an entirely analytical analysis and following the philosophy developed in an earlier treatment [4] of heavy quarkonia, in Ref. [ 
into the Coulomb-like contributionṼ
with the effective fine-structure constant
, and an obvious remainder involving logarithms of the radial coordinate r,
The eigenvalue problem for the Coulombic Hamiltoniañ
is solved exactly, yielding, for instance, for the ground state, the energy eigenvalueẼ 0 = 2 m + ε 0 , with the Coulomb binding energy
The "non-Coulombic" part H −H of the Hamiltonian (1) However, a perturbative treatment as implied by the splitting (2) of the static potential V P 0 (r) is by no means mandatory, obligatory, or even desirable. We may also adopt the following point of view. Given the operator H defined by Eq. (1) (accurate up to a certain order in α), compute (numerically, if necessary) its discrete spectrum, i. e., the set of eigenvalues, irrespective of the involved powers of α. Of course, the terms in Eq. (1) proportional to
and, if the effective coupling strength multiplying this term exceeds some critical value, also the term in Eq. (1) proportional to − 1 r 2 render the operator H unbounded from below and have therefore to be treated perturbatively anyway. The HamiltonianĤ
on the other hand, may certainly be analyzed without adhering to some perturbative approximation.
In order to obtain a first idea of the differences brought about by these two approaches, let us start by considering only the Hamiltonian (3). The perturbative calculation is straightforward. Introducing, for notational brevity, the generalized Bohr radius
the expectation values of the non-Coulombic interactionV (r) w. r. t. the ground state ofH (indicated by the subscript0) may be evaluated with the help of the relations (see also Appendix B of Ref. [4] )
The nonperturbative evaluation ofĤ is performed with some numerical procedure 1 developed for the treatment of the nonrelativistic Schrödinger equation [7] . In this way, we find, for the parameter values used in the second of Refs. [1] and focusing our interest to the ground state, for the Coulomb binding energy, ε 0 = −0.33146 GeV, for the expectation value ofV (r), V (r) 0 = −0.13714 GeV, and thus, for the perturbatively calculated ground-state energy, • The expectation value of the δ function entering in the "spin-spin term" of the Hamiltonian (1), taken w. r. t. |ψ , is the modulus squared of the corresponding wave function ψ(x) at the origin:
For states with vanishing orbital angular momentum ℓ (the so-called "S waves"), |ψ(0)| 2 may be expressed in terms of the first derivative of the relevant interaction potential V (r) w. r. t. the radial coordinate r according to (for a derivation, see, e. g., Ref. [8] )
In this way, the lowest eigenvalue of the Hamiltonian H may be computed from the expression (where the subscript 0 of the expectation values indicates, as before, the ground state of the HamiltonianĤ) 1 The desired accuracy of the (numerically determined) bound-state energies and wave functions may be adjusted in the routine used for the solution of the Schrödinger equation. For the present analysis, the uncertainty of these energies has been required to be less than 10 −7 GeV = 100 eV. This accuracy should be, by far, sufficient for our purposes.
2 For the perturbative treatment ofĤ, we truncate the Rayleigh-Schrödinger series forÊ P 0 at lowest non-trivial order inV (r). Inclusion of the next order [1] reduces the observed discrepancies but does not change qualitatively our findings.
